A notion of strength of an unextendible product basis is introduced and a quantitative measure for it is suggested with a view to providing an indirect measure for the bound entanglement of formation of the bound entangled mixed state associated with an unextendible product basis.
• Pyramid: ψ i = v i ⊗ w i ; i = 0, . . . , 4 where In a subsequent work, DiVincenzo et al [12] gave general constructions of several UPB's which are listed below
• Gen Shifts:2k-dimensional (minimal) UPB on
• Gen Pyramids:p-dimensional (minimal) UPB on n i=1 H 3 with n such that 2n + 1 = p, a prime.
• Quad Res: p-dimensional (minimal) UPB on H n H n with n such that 2n − 1 = p, a prime of the form 4m + 1.
• Gen Tiles1:(n − 1) 2 -dimensional(non minimal) UPB on H n H n with n even.
• Gen Tiles2: (nm − 2m + 1)-dimensional (non minimal) UPB on H m H n with n ≥ m ; n > 3 ; m ≥ 3. * email: scsp@uohyd.ernet.in
The present work is inspired by a result quoted in [8] that while the bound entangled of formation [10] for the mixed state associated with the Pyramid UPB is 0.232635 ebits, that for the state associated with the Tiles UPB turns out to be 0.213726 ebits. In view of the fact that the calculation of these numbers involves extensive numerical searches, one is led to the question whether it is possible to associate with each UPB a number as a kind of measure of strength of that UPB which would, in turn, provide an indirect measure of the bound entanglement of formation of the associated bound entangled mixed state. This work is an effort in this direction.
To motivate the definition of the strength of a UPB, we begin by examining the structure of the scalar products among the v i 's and the w i 's for the Pyramid. This UPB is characterized by (v 0 , v 2 ) = (v 2 , v 4 ) = (v 4 , v 1 ) = (v 1 , v 3 ) = (v 3 , v 0 ) = 0; (w 0 , w 1 ) = (w 1 , w 2 ) = (w 2 , w 3 ) = (w 3 , w 4 ) = (w 4 , w 0 ) = 0 with the remaining scalar products non zero. If any of the nonzero scalar products were to vanish, the resulting set will not be a UPB. It seems, therefore natural to define the strength s of a UPB by the the magnitude of the product of the non-zero scalar products among the v i 's and the w i 's. In the particular case of the Pyramid, the resulting expression can be compactly written as s =
is similarly defined. (These objects can be identified with the fifth order Bargmann invariants [13] associated with the set of vectors v i , w i , i = 0, · · · 4 repectively) The value of s turns out to be [(30 2 , which is less than that for the Pyramid. Thus we find that the Pyramid, in this sense, is stronger than the Tiles and one is tempted to conclude that it is this strength which leads to a higher value for the bound entanglement of formation of the associated bound entangled mixed state vis a vis the Tiles.
To probe further, the connection suggested above, between the strength and the entropy of bound entanglement of formation of the associated bound entangled mixed state, we examine the six parameter family of UPB on H 3 H 3 constructed by DiVincenzo et al [12] 
where N A , B = cos 2 γ A,B + sin 2 γ A,B cos 2 θ A,B . For this to be a UPB, we must have cos θ A,B = 0, cos γ A,B = 0, sin θ A,B = 0. Further, as noted by DiVincenzo et al [12] , this family contains Pyramid and Tiles UPB's as special cases corresponding to φ A,B = 0, θ A,B = γ A,B = cos −1 (( √ 5 − 1)/2) and φ A,B = 0, θ A,B = γ A,B = 3π/4. We now ask the question whether the Pyramid, is in some sense, a privilleged member of this family. To this end, we compute the expression for the strength of this family of UPB's and find that
Note that s is independent of the phases φ A,B . Setting all angles equal, θ A,B = γ A,B = θ we find that the resulting expression has a maximum precisely at x ≡ cos θ = ( √ 5 − 1)/2 which, as noted above, corresponds to the Pyramid. Thus, within the family of the UPB's considered, the Pyramid has a unique position in that it has the maximum strength and, if the connection to the bound entanglement of formation suggested above is correct, then one should find that the bound entangled mixed state corresponding to the Pyramid has the highest entropy of bound entanglement of formation within this family.
Next, we turn to UPB's on H 3 H 3 H 3 . The UPB's constructed by DiVincenzo et al [12] are:
(0.8)
Here m takes two values 2 and 3 and thus we have two UPB's. The UPB corresponding to m = 2 is referred to as the Sept. We now wish to locate their places within the family of UPB's on H 3 H 3 H 3 on the basis of their strengths. To this end, we have constructed a parametrized family of UPB's on H 3 H 3 H 3 . Its members are as follows:
(0.10)
The vectors w i and u i are w i = v 2i mod 7 and u i = v 3i mod 7 respectively with a different set of parameters in each case making a total of 21 parameters specifying the family. This is obviously a rather large family. To keep matters simple, we consider a sub-family wherein the u's and w's have the same parameters as those in the v's. For this sub-family it turns out the strength
depends on the phases λ, µ and χ only through α = λ − χ and β = µ − χ. We now set all the angles equal to θ and α = β and obtain, for s, the following expression The global maximum of this function is found to be located at y = 1 and x = cos θ = (cos [12] with m = 3. Note that, in this case, there is a third local maximum at x = 0.469. Thus we find that, within this family, the Sept is the strongest UPB.
To conclude, we have introduced a rather natural notion of strength of a a UPB and suggested that it could, in turn, provide an indirect but calculable measure of the entropy of bound entanglement of formation of the associated bound entangled state and perhaps also of the degree of distinguishability of the members of a UPB under local operations and classical communication (if such a notion could be quanified). This measure, besides bringing out the privilleged role of the Pyramid and Sept in their respective families, has two desirable properties:
• It vanishes when any of the parameters associated with a family of UPB's takes a value such that the corresponding set of vectors ceases to be a UPB.
• The strength of a UPB obtained by taking tensor product of two UPB's is equal to the product of the individual strengths.
Finally, we note that an optical realization of unextendible product bases has already been proposed [14] and it will perhaps not be too long before it is experimentally implemented. We hope that the notion of strength of a UPB introduced in this work will be useful in this context and will initiate further activity in this direction.
